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Abstract

Neural networks are commonly used for classi cation and regression. The Bayesianapproach may be
employed, but choosing a prior for the parameters preserts challenges. This paper reviews seweral priors
in the literature and intro ducesJe reys priors for neural network models. The e ect on the posterior is
demonstrated through an example.
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1 Intro duction

Neural networks are a popular tool for nonparametric classi cation and regression. They o er a compu-
tationally tractable model that is fully exible, in the senseof being able to approximate a wide range of
functions (such asall continuousfunctions). Many referenceson neural networks are available (Bishop, 1995;
Fine, 1999; Ripley, 1996). The Bayesianapproac is appealing asit allows full accourting for uncertainty in
the model and the choice of model (Lee, 2001;Neal, 1996). An important decisionin any Bayesiananalysisis
the choice of prior. The ideais that your prior should re ect your current beliefs (either from previous data
or from purely subjective sources)about the parametersbefore you have obsened the data. This task turns

out to be rather dicult for a neural network, becausein most casesthe parameters have no interpretable



meaning, merely being coe cien ts in a basisexpansion(a neural network can be viewed as using an in nite
set of location-scale logistic functions to span the spaceof continuous functions). The model for neural

network regressionis:
X 1
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where k is the number of logistic basis functions (hidden nodes), r is the number of explanatory variables

(inputs), and "; areiid Gaussianerror. The parameters of this model are k (the number of hidden nodes),

(location-scale parameters to create the basis functions). For a classi cation problem, the tted values
from the neural network are transformed into a multinomial likelihood via the softmax function, i.e., pig =
%, where g indexesthe g possiblecategories,g2 f1;:::;qg.

In general, the parameters of a neural network have no intuitiv e interpretations, as they are merely
coe cien ts of abasisexpansion. Lee (2003) providesa discussionof the few speci ¢ caseavhenthe parameters
have physical meaning, as well as graphic example of how the parameters becomeuninterpretable in even
the simplest situations. Another example of interpretation di culties can be found in Robinson (2001a).
He provides an example (pp. 19{20) of two tted three-node neural networks which give very similar tted
curves, yet have completely di erent parameter values. We again seethat there is no clear link between
parameter valuesand their interpretations.

This paper will review a variety of proposalsfor neural network priors, introduce Je reys priors, and

provide an example comparing thesepriors.

2 Prop er Priors

A common class of priors in the literature for neural networks are hierarchical proper priors. A proper
prior is one that is a valid probability distribution, putting probability one on the whole domain of the
distribution. The alternativ e is an improper prior as discussedin the next section. Hierarchical priors are
useful for neural networks becauseof the lack of interpretabilit y of the parameters. Adding levelsto the
hierarchy reducesthe in uence of the choice made at the top level, sothe resulting prior at the bottom level
(the original parameters) will be more di use, more closelymatching the lack of available information about

the parametersthemselwes. This approadc can let the data have more in uence on the posterior.



Meller and Rios Insua (1998) proposeda three-stagehierarchical model with arelativ ely simple structure.
Prior distributions are chosento be conditionally conjugate. A tool for visualizing a hierarchical prior is a
directed acyclic graph (DAG), where the arrows show the ow of dependency For this model, the DAG is

shown in Figure 1. The priors are Gaussianfor ; and , multivariate Gaussian for and , inverse-
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Figure 1: DAG for the Muller and Rios Insua prior

Neal (1996) suggestsa more complex model. The DAG diagram of his prior is shown in Figure 2. Each
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Figure 2: DAG for the Neal prior
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of the network parameters ( ; and ;) is treated as a Gaussianwith mean zero and its own standard
deviation which is the product of two hyperparameters,one for the originating node of the link in the graph,
and one for the destination node. For example, the weight for the rst input to the rst hidden node, 1;,
has distribution N (0; in;1  a1), Where i is the term for the links from the hth input and 4 is the
term for the links into the jth hidden node; the weight from the rst hidden node to the output (i.e. the

regressioncoe cien t), 1, hasdistribution N (0; ou;1 o), Where oy is the term for the links from the



jth hidden node, and , is the term for links to the output node. For all of the new parametersand for the
original  of the error term, there is an inverse-gammadistribution. There is another set of hyperparameters

that must be speci ed for the inverse-gammapriors on these parameters.

3 Noninformativ e Priors

As wasdemonstratedin Lee (2003), the parametersof a neural network are typically not interpretable. This
makes choosing an informativ e prior dicult. The previous section intro duced various hierarchical priors
de ned to be proper, yet an attempt was made to let them be di use enoughthat they do not contain too
much information, sinceonewould not want to usea highly informativ e prior that may not comecloseto one's
actual beliefs, or lack thereof. An alternativ e approac is to use a noninformativ e prior, onethat attempts
to quarntify ignoranceabout the parametersin somemanner. Early work on noninformativ e priors was done
by Je reys (1961). Kassand Wasserman(1996) provide a thorough review of this extensiwve literature. Many
noninformativ e priors, including thosein this section, have appealing invariance properties (Hartigan, 1964).
In many cases,suc as for a neural network, proceduresfor creating a noninformative prior result in

a prior that is improper, in the sensethat the integral of its density is in nite. This is not an issue as
long as the posterior is proper. For example,in linear regression,a at prior can be usedon the regression
coe cien ts, and Gelman et al. (1995) presert sometheoretical advantagesof this family of priors. However,
for a neural network, carelessuse of improper priors will result in an improper posterior, so measureswill

needto be takento prevent this problem.

3.1 Flat Priors

Just as with linear regression,a at prior can be applied to the parameters of a neural network. As the
parameters of a neural network are analogousto regressioncoe cien ts (for xed valuesof the 's, tting
the 'sis exactly a linear regressionproblem), it is reasonableto considera at prior for them. A at prior
on the log of the variance is also natural by the samereasoning. The prior for the parametersis a more
tender question, asthey are the onesthat are lacking in interpretation. One obvious approach is to alsouse
a at prior for them. The resulting at prior for all parameterswould be P( ; ; 2)/ -. Sincethe prior

is improper, the normalizing constart is arbitrary. A major problem with this prior is that it leadsto an



improper posterior. There are two ways in which things can gowrong: linear independenceand tail behavior
(Lee, 2003). Someadditional notation is necessary Denote the basisfunctions evaluated at the data points
(i.e., the outputs of the hidden layer) as

I#
X 1

i = l+exp io i h Xih (1)
h=1

with o= landlet bethe matrix with elemerns (z; ). Thusthe tting of the vector is a least-squares
regressionon the designmatrix , ¢ = '

To understand the linear independenceproblem, consider the linear regressionparallel. When using
the standard noninformativ e prior for linear regression,the posterior will be proper as long as the design
matrix is full rank (its columnsare linearly independert). For a neural network, we needthe k logistic basis
functions to be linearly independert, i.e., we need to be full rank. A straightforward way to ensurelinear

independenceis to require that the determinant of '

is positive.

The secondpossible problem is that unlike in most problems, the likelihood does not necessarilygo to
zeroin the tails, converging to non-zero constarts in somein nite regions. If the tails of the prior alsodo
not goto zero, the posterior will not have a nite integral. An obvious way to avoid this problem is to bound
the parameter spacefor . It is worth noting that truncating the parameter spacetends to not have much
impact on the posterior, asthe tted functions being eliminated are numerically indistinguishable (in double

precision) from thosein the valid range of the parameter space.

Thus instead of usingthe at prior introduced above, a restricted at prior should be used:

1
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where Iy is an indicator function, and is the parameter spacerestricted such that T > C and
j jnj < D for all j; h, whereC > 0 and D > 0O are constarts with C small and D large. Lee (2003) shows
that this restricted at prior guaranteesa proper posterior, as well as showing that the \in teresting" parts
of the parameter spaceare the sameunder the restricted and unrestricted priors, and thus the posteriorsare

essetially the same,in the sensethat they are both asymptotically globally and locally equivalert.

3.2 Jereys Priors

Flat priors are not without drawbadks. In particular, if the problem is re-parameterized using a non-

linear transformation of the parameters, then the same transformation applied to the prior will result in



something other than a at prior. Jereys (1961) introduced a rule for generating a prior that is invariant
to di erentiable one-to-onetransformations of the parameters. The Je reys prior is the squareroot of the

determinant of the Fisher information matrix:

P
Pa( )= j1()i (2)

where the Fisher information matrix, | ( ), has elemens

()= o iy 2 |
i ()= Cov  Grlogf(yi) g-logfvi) (3)

wheref (Y] ) isthe likelihood and the expectationisover Y for xed . Often the Je reys prior is intuitiv ely
reasonableand leadsto a proper posterior. Occasionallythe prior may fail to produce a reasonableor even
proper posterior (e.g., Berger et al. 2001, Je reys 1961), which also turns out to be the casefor a neural
network.

Je reys (1961) arguedthat it is often better to treat classesof parametersasindependert, and compute
the priors independertly (treating parametersfrom other classesas xed). To distinguish this approach from
the previous one which treated all parameters collectively, the collective prior (Equation 2) is referred to
asthe Jer eys-rule prior. In cortrast, the independene@ Je r eys prior (denoted P, ;) is the product of the
Je reys-rule priors for eadh classof parametersindependertly, while treating the other parametersas xed.
In the caseof a neural network, separateJe reys-rule priors would be computed for ead of , , and 2,
and the independencele reys prior is the product of these separatepriors.

The next stepis to compute the Fisher information matrix. We shall consideronly univariate regression

predictions here, but theseresults are readily extendedto a multiv ariate regressionor classi cation scenario.

For notational and conceptual simplicity, it is easierto work with the precision, = -, the reciprocal of
the variance. Thus our parameter vectoris = ( ; ; ) and the full likelihood is
o n o
fi)=foix 5 5)=@) ™ e v ")y ")

where is asde ned in Equation (1). The loglikelihood, without the normalizing constar, is
logf = Zlog (v ')y ')
2 2 '

The individual elemerns of the information matrix are given by Equation (3), and it is straightforward to



show that:
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To combine these into the matrix 1( ), the exact ordering of parameters within = (; ;) must be
specied. The sectionofk+ 1elemens are( o;:::; k) andthe nal elemenis , but isamatrix. In the
preseration here, it appears as row-order, sothat = ( 10; 11 12;::%; 1r; 207 21: % 2 305 315::%)
Now de ne the n x (r+1)k matrix G to haveelemeris G; = gxinh ig(1  ig) wheregis the integer part of
% and h is the remainder,i.e.,h=j (r+ 1) g. With this notation, the full Fisher information matrix is
2 3
G!'G Gt 0
()= E t 0
0 o~
Thus the Je reys-rule prior is
1=2
G'G G!

Py( )/ ek 1=2

tG t
The prior is stated as a proportionalit y becauseany constarts are irrelevant since the prior is improper.
The large power on seemsrather odd, and so Je reys would probably recommendthe independenceprior
instead, as this situation is similar to the linear regressionsetting where analogousproblems occur with the
prior for the precision. The independencelde reys prior is simpler in form, asthe Je reys-rule prior for

with other parameters xed is a at prior.

PiaC)/ I pp

whereF is just G without any of the g terms,ie., Fj = xin ig(1  ig) whereg is the integer part of -+

and h is the remainder. It is unfortunate that both of thesepriors are improper, and both lead to improper



posteriors. For any particular dataset, it is possibleto construct an in nite region of the  spacesudc that

t

all of the ertries of are nonnegative and its columns are linearly independert. Thus > 0 over this

t

in nite region, sothe integral of over the whole parameter spacewill bein nite. This sameregion of

G'G G!
the parameter spacealso leadsto strictly positive jF'Fj and . Onecanalso nd rangesof
tG t
sothat the likelihood is larger than somepositive constart over this sameregion of the  parameter space.
Thusthe posterior will alsobeimproper, for both the Je reys-rule prior and the independencele reys prior.

As with the at prior, this can be worked around by suitably truncating the parameter space.

4 Hybrid Priors

Someof the priors proposedin the literature combine elemens of proper priors and noninformativ e priors. A
basicprior for a neural network would beto combine the noninformativ e priors for and 2 with independert
normal priors for ead jn,i.e.,P( )/ 1, P( 2)/ L P in) N(O; ). This prior givesa proper posterior,
and it is notable becausdt is equivalent to using weight decay, a popular (non-Bayesian) method in machine
learning for reducing over tting. The usual speci cation of weight decay is aspenalizedmaximum likelihood,
wherethere is a penalty of Ui for eat of the hidden nodes. Thus instead of maximizing only the likelihood

P 2
f (yj ), onemight maximize f (yj ) p —2, which results in shrinkage of the parameterstoward zero.

i
The ; parameterscould alsobe shrunk if desired. Of course,the choiceof isimportant, and various rules
of thumb have beendeweloped. Just aswith ridge regression,this penalized maximum likelihood approac
is equivalent to using a simple prior in a Bayesiancontext.

Robinson (2001a; 2001b) proposespriors for parsimony on an e ective domain of interest. He starts
with the basic weight decay prior above, adds one level of hierarchy, putting an inverse-gammaprior with
parametersa and bon , and then notesthat canbe integrated out leaving the marginal prior distribution

(a+r)=2

for asa multivariate t, i.e., P( ;) / 1+ %jj jjjz . Parsimony is then imposedeither through

j
orthogonality or additivit y by adding appropriate penalty terms to the prior.
MacKay (1992) takesan empirical Bayesapproad. Starting with a simple two-stagehierarchical model,

he attempts to use at and improper priors at the top level. Sincethis would leadto an improper posterior, he

usesthe datato x the valuesfor thesehyperparameters( , and ) at their posterior modes. This approach



is essetially using a data-dependert prior for a one-stagemodel, and represernts a slightly di erent approac
to get around putting too much information in the prior for parametersthat do not have straightforward

interpretations.

5 Example Comparing Priors

To demonstrate some of the di erences between the priors discussedin this paper, Figure 3 shows the

posterior meansfor seweral choicesof prior. The data are from Breiman and Friedman (1985) and the goal
is to model groundlevel ozoneconceriration (a pollutant) as a function of seweral meteorological variables.
Only day of the year is used here so that the results can be plotted and visually interpreted. A regression
example was chosen becauseit can be easily visualized, but the consequencegranslate to classi cation

problems aswell. Included are the proper priors of Meuller and Rios Insua and of Neal, two noninformative
priors (at andindependencele reys), and the hybrid weight decay prior. The Neal and weight decay priors
have user-speci ed hyperparametersthat greatly a ect the behavior of the resulting posteriors, and values
were picked herejust asexamples. The suggesteddefault levels of Muller and Rios Insua were used, and the

noninformativ e priors do not needuser speci cation.
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Figure 3: Comparison of priors



Figure 3 shaws that the posterior mean t can have a wide variety of behaviors depending on the choice
of prior. This weight decay prior producesthe most shrinkage, resulting in a very smooth posterior mean.
The Muller and Rios Insua is also highly informativ e and results in a smooth t. In cortrast, the other
priors result in posterior meanswith more featuresthat try to capture more of the variability in the data.

It isimportant to note that the weight decay and Neal priors can be adjusted by using di erent choicesof
hyperparameters. The examplesprovided hereare meart to show a large part of the range of their exibilit y.
The weight decay prior has limiting caseswith full shrinkage (the posterior meanis just a constart at the
mean of the data) and no shrinkage (equivalent to the at prior). The pictured plot shows a large amourt
of shrinkage (a more informativ e prior). The Neal prior similarly has a wide range, with the pictured plot

represering very little shrinkage, but it could alsobe tuned to produce a large amount of shrinkage.
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