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Abstract

Mirror-Jump Sampling: A Strategy for MCMC Acceleration

by

Shufeng Liu

This project explores the effectiveness of “mirror-jump sampling”, a special type of Metropolis-

Hastings algorithm, as a strategy to enhance accuracy of posterior estimates and accelerate learning

process in MCMC simulations by reducing autocorrelations of MCMC output. Mirror-jump sam-

pling makes use of rough estimates of location and scale parameters of the posterior available from

maximum likelihood methods or preliminary MCMC output. Our systematic simulation studies

show that this strategy is indeed very effective in unimodal posterior settings.
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Chapter 1

Introduction

The main difference between the classical approach and Bayesian approach in statistical analysis

lies in the interpretation of parameters of a model. Bayesian approach considers the parameters

to be stochastic, while classical approach assumes them to be fixed values. Bayesian statistics is

both old and new. The earliest Bayesian work dates back to the 18th century by Bayes and Laplace

[T.63]. However, it was limited to very simple problems, because for a relatively complicated model,

Bayesian inference is often computationally prohibitive. During the past decade, however, due to

the increasing capability of fast computers, there has been a revolution in Bayesian computation, and

Bayesian statistics is becoming more and more successful and popular in many scientific disciplines.

Nevertheless, how to construct an efficient Bayesian computation model is often not easy and is an

active ongoing research topic.
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1.1 Bayesian Inference

A typical statistical problem is stated as follows. Some random quantity Y has a sampling distribu-

tion ������� �	� where � is unknown model parameter(s). A data set � is generated from this stochastic

model. We want to infer � from this observed data � . The classical statistical inference assumes

that � is some unknown fixed value, and the statistician’s job is to find a good estimate of � . As a

Bayesian, one thinks of � as a random variable, just like 
 . So the Bayesian inference will ask for

the distribution of � given the observed data � , denoted as �����
� ��� . Such a conditional distribution is

called the posterior density of � .

The Bayes theorem:

������� ����� �����
���	�
������� � ������� ���������	�

�������
where

���������
�

�����
���	���	���
�

������� �	�������	���	���

Or simply

�����
� ������������� �	�������	� �

since ������� is “just” a scaling factor.

�����	� is called the prior distribution of � . It represents subjective belief on � before seeing the

data. According to Bayes theorem, the posterior density of � is proportional to the product of the

likelihood ������� �	� and the prior �����	� . So the can be regarded as the updated belief on � after seeing

the data.

The controversy on Bayesian statistics mainly originates from the issue of the prior. When we do

have prior information about � , we can incorporate it into the model. But when such information is

unavailable, people generally prefer the use of non-informative or diffuse priors, i.e., priors that do
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not introduce too much subjectivity and do not affect the inference too much.

The framework of Bayesian modeling is clean and clear. But note that in order to get the exact

posterior distribution ������� ��� , we have to compute the integral for ������� , which could often be a

daunting task. Often we are interested in estimating a function of � , say � ���	� :

��� � ���	��� �
�
� ���	�������
� �����	�

and this too involves evaluation of an integral which might not be analytically solvable.

1.2 Monte Carlo Simulations

The general solution to the above integration problems are Monte Carlo simulations. If we can

draw a sufficiently large sample from the posterior distribution �����
� ��� , then we can get approximate

��� � ���	��� by ��
	 ��
� � � ��� � � with a high degree of accuracy. All Monte Carlo simulations make use

of random sample generation from the ������� � � ����� distribution. The sampling methods described in

this section bear the common feature that individual draws are (at least approximately) independent

and they are like IID sampling from the target distribution.

1.2.1 Transformation of Variables

Sometimes it is difficult to draw samples directly from a distribution of a variable, but easy to

draw samples from a transformation of the variable. One such method is called the inverse CDF

method. If the density of a random variable is ����� � , we define ����� ��� � �! �"#%$ ����&����'& , the

distribution function of X, then �)(*�+���,� � � ����� . So if we generate a draw - from �+���,� � � ����� , then

� # � ��-�� would be a draw from ����� � . When � ��� � does not have an analytical expression, one has
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to approximate it by constructing grids for the density and the distribution. In any case, this method

is a direct sampling method and is limited to cases where the density ����� � is known.

1.2.2 Rejection Sampling

There are cases where the target density �����
� ��� is difficult to sample from but you can find an

envelop proposal density �����	� such that ������� �������������	� for all � , and �����	� is easy to sample from.

This rejection sampling algorithm works as follows:

1. Sample ��� from � ���	� ;
2. Sample - from �����,� � � ����� ;
3. If -��
	

�
��� ���
��� �
��� then ��� � � else go to step 1.

If the proposed sample from step 1 is rejected, then it is thrown away. To achieve a higher acceptance

rate and thus higher efficiency, the constant � should be as small as possible: � ����- � � 	
�
��� ���
� ����� .

1.2.3 Importance Sampling

Unlike rejection sampling where a draw is either accepted or rejected, i.e. the weight of a draw is

either 1 or 0, in importance sampling [J.89] the weights can possibly take any value representing

the relative importance of the draws. Suppose we want to estimate a function of � , � ���	� . If �����
� ���
is difficult to sample from but ������� is a candidate density easy to sample from, then:

� � � ���	� � �����
� � ���	�

�����
� ��� �	���
�
� ���	� �����
� ���

�����	� � ���	��� �

If we draw a sufficiently large sample from ������� , then we can approximate
� � � ���	� � ��� with �� 	 ��
� � � ��� � ��� ��� � �

where � ��� � � ��	
������� ���
� �
� �!� is called the importance weight (ratio). One potential problem is that we

could possibly miss some importance weights that are extremely rare but extremely large, and con-

sequently result in bad estimate. To avoid such situation, the candidate density �����	� should have
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fatter tails than the target density �����
� ��� . Another drawback is that there are no methods which can

provide reliable accuracy assessment of an importance sampling estimate.

1.3 Markov Chain Monte Carlo (MCMC) Simulations

1.3.1 Basic Markov Chain Theory

For more details on Markov chain theory, please refer to [Gam97], [J.L53], and [Par62].

A (discrete-time) Markov Chain is a stochastic process � ��� � &���� �������
	�� where � �
� � ��� � � � ���
and 	 is the state space, that satisfies the Markovian property:

� ������� � ��� � ��� ����� # � � � � � ����� � � � ������� � ��� � ��� � ������	

In simple terms, this says that the next state of a Markov chain only depends on the current state,

but not the previous states.

Definitions:

� The probability of the chain starting from state � hitting state � at the � ��� step � ������ , called the

transition probabilities of the chain. When � � � � � �� � � � � � .

� The probability of the chain starting from state � hitting state � at any posterior step �! #" � �
� "��$� �&%�' � .
� A state � is positive recurrent iff  � � � �)( � �$� � � %*' . A chain is positive recurrent iff every

state � is positive recurrent.

� A state � is aperiodic iff + � �,����-*��. ������&/ � � � � where + � � means largest common divisor. A

chain is aperiodic iff every state � is aperiodic.

� A state � is ergodic iff � is positive recurrent and aperiodic. A chain is ergodic iff every state � is

ergodic.
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� A chain is irreducible iff  " � / � for all � � � ��	 .

� A distribution � is a stationary (invariant) distribution of a chain iff 	 "���� � ��� � � " � � � ����� , for

all � � 	 . When � is unique it is called the equilibrium (limiting) distribution.

� A chain with transition matrix
�

and stationary distribution � is reversible iff � ��� � � " � � � ����� � � "
for all � � � � 	 .

Theorems:

� A chain is irreducible and ergodic � it has a limiting distribution � .

� A chain is reversible, irreducible, and aperiodic � it has a limiting distribution � .

It turns out that most Markov chains used nowadays for simulation are irreducible and aperiodic

[L.94], so constructing a chain with a limiting distribution � reduces to finding transition probabili-

ties satisfying the reversibility conditon.

Now back to the integration problem of �����
� ��� . Metropolis (1953) invented an ingenious sam-

pling engine by combining the essence in rejection sampling and the concepts in Markov chain

theory, thus opening the door to a new world of Bayesian computation - Markov Chain Monte Carlo

(MCMC) simulations. The underlying rationale is: if we can construct a Markov Chain which has

�����
� ��� as its limiting distribution and is easy to simulate from, then after we run the chain for a

sufficiently long time (burn-in period), it will have converged to the limiting distribution, and the

iterates afterwards will form a random sample from our target posterior density �����
� ��� , and we can

thus extract any features of the posterior as we wish.

1.3.2 The Metropolis-Hastings Algorithm

The most general method used in MCMC is the Metropolis-Hastings (M-H) algorithm. It was first

introduced by chemical physicists Metropolis et al. (1953) [NAM � 53] and later generalized by a
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statistician Hastings (1970) [WK70].

Let �����
� ��� be the target density. Given the current state � � , We choose a proposal distribution

(jumping distribution, transition matrix) �����
� � � � that is easy to sample from. The M-H algorithm

works as follows:

� Assign a feasible initial value to � � ;� Do for & � � ��� ����� � � � ��� :

- Draw a random sample � � from �����
� � � � ;
- Draw a random sample - from �����,� � � ����� ;
- Compute acceptance rate � ��� � ��� � ����� � � �

� � 	
����	�� ����
 ���
� � ��	 �

	
���
� � ����
 ��� 	 � ��� ��� ;

- If - ��� ����� ��� � � then ����� ��� � � else ����� ��� ���

If the proposal distribution is symmetric, i.e. ��������� ��� � ��������� � ��� � for all ��� ����� , then � ����� ��� � � �
� ��� �

� � 	
�
��	�� ���

	
�
� � � ����� . This is the Metropolis algorithm. When �����
� � � � only depends on ����� � � � , the chain

is called a random walk. A typical choice of proposal density for a random walk is � ���
� � � � ��� � or

& � ���
� ��� � ��� � .
It can be shown that [L.94] the Markov chain constructed by the M-H algorithm satisfies the re-

versibility condition and it indeed has ������� ��� as its limiting distribution as desired.

1.3.3 Gibbs Sampling

A special MCMC algorithm with a acceptance rate of 1 that is very useful in many multidimensional

problems is the Gibbs sampler [SG84]. When we have a � -dimensional vector of parameters � �
��� � ��� � � � � � ����! � , it is often difficult to work with �����
� ��� but sometimes much easier to simulate from

the conditional distribution of one component given all the others. At each iteration & of the Gibbs

sampler, the full conditional distribution of � � give all the other components is ����� � � � � # � � ��� where

� � # � � ��� ��� �� � � � � ��� ��� �� # � ���
�� � � � � ��� �! � . Each iteration & has � steps, and each step draws one component
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from its full conditional given the current values of all other components. The Gibbs sampler works

as follows:

� Assign feasible initial values to � � � ��� � � ���
�� � � � � ��� �! � ;� Do for &�� � ��� ����� � � � ��� .� Do for ��� � ����� � � � ��� .

Draw a random sample � ��� �� from ����� � � � � # � � ���

An obvious requirement for implementation of Gibbs sampling is that all the full conditionals are

easy to compute and simulate from.

1.3.4 The Multimodality Problem

In cases where the target distribution has multiple modes, the Markov chain is very likely to get

stuck around one particular mode (depending on the initial value of the chain) and never visit the

other parts of the state space. This is a very difficult problem to solve and is still an active area

of research in Bayesian computation. My work on MCMC acceleration only deals with unimodal

posteriors, and it is by no means the goal of this project to solve the multimodality problem.

1.3.5 MCMC Diagnostics

There are two key issues in MCMC implementation. The first one is how long should we wait

for the chain to reach stationarity (equilibrium, convergence), and the second one is after reaching

equilibrium, how long should we monitor the chain in order to get desired accuracy of posterior

estimates.

Convergence Diagnostics

People invented a number of convergence diagnostics to help with the convergence issue, for ex-

ample, the Geweke diagnostic [J.92], the Gelman-Rubin diagnostic [AD92], the Raftery-Lewis di-
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agnostic [AS92], and the Heidelberger-Welch diagnostic [PP83]. But theoretically speaking we

can never be completely sure of reaching convergence, and none of these diagnostic methods is

completely safe all the time. This is currently an active area of research in Bayesian computation.

Accuracy Assessment

The realizations of a Markov chain can be viewed as a time series, so we can apply basic time series

analysis techniques to Markov chain simulations. Assume we monitor � iterates after convergence

is reached. Denote the time series as ��� ��� & � � � � � � 	 � where � � � � ��� � � � ��� and 	 is the state

space. By definition, the autocovariance function of a (weakly) stationary time series at lag � is:

��� � ��� ��� � ��� � ��� ��� � ��� ���

The autocorrelation function at lag � is:

 � �
���
���

The sample autocovariance function at lag � is:

���� � ��
� # ��
� � �

��� � �
	��� ��� ��� � �
	� �

The sample autocorrelation function at lag � is:

� � �
����
����

The ergodic theorem: (Markov chain equivalent of the law of large numbers):

If a Markov chain ��� � � is ergodic with limiting distribution � and � ��� � is a function
of � such that

��� � � ��� ��� % ' , then with probability 1:

	� � � ��
��
� � �

� ��� � ��
 ��� � � ��� ����� � ��
 '
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So 	� � is an asymptotically unbiased estimator of
� � � � ��� ��� .

Markov chain equivalent of the central limit theorem:

If a Markov chain ��� � � is uniformly geometrically ergodic with limiting distribution �

and � � ��� � is integrable wrt. � , then:

	� � � � � � � ��� ���� ��� ��� � ��� ��� 
 � � � ��� � � � ��
 '

In general let  � be the autocorrelation function of the series � � � � � ��� ��� � . Denote the variance

of � ��� � under the limiting distribution � as
� ��� � � � ��� ��� ��� �� . It can be shown that in repeated

sampling the sampling variance of 	� � is:

� ��� � � 	� � � � � ���
�
�	� �

� # ��
� � �

� � � �� �  ��
 � � ��� �
� �
It can also be shown that:

� ��� � � 	� � � 
 � ��� � ��� � $�
� � �

 � � � � ��
 '

We call � � ��� � � 	� � � the Monte Carlo Standard Error (MCSE) of 	� � . It provides a measure of

the accuracy (precision) of 	� � as a Monte Carlo estimate of the truth
� � � � ��� ��� . A smaller MCSE

means higher precision.

This provides the grounds and inspiration for our work. Next (chapter 2) we propose and explore

a method to effectively achieve higher precision of posterior estimates without having to resort to

longer monitoring of the Markov chain.
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Chapter 2

Mirror-Jump Sampling

2.1 Motivation

Assume the Markov chain � � � � &�� � � ��� � � � ��� � has limiting distribution �����
� ��� , which is our posterior

(target) distribution of interest. After the chain reaches equilibrium, we take � realizations from

the chain as a random sample from the posterior. One important aspect of our interest in extracting

features of ������� ��� is to estimate the posterior mean
� � ���	� with the Monte Carlo estimate 	� � . The

Monte Carlo Standard Error (MCSE) of this estimate can be computed as follows (from chapter 1):

��� 	 � � � 	� � ��� � ��� � � 	� � ��� � ��� �
� � � � ���
�
� � �

� # ��
� � �

� � � �� �  ��

where

� ��� � ���	� � � �� and �) � � are the autocorrelation coefficients of the series � � � � . In repeated

sampling, say we have
�

chains each of size � , we can estimate
��� 	 � � 	� � � with Mean Squared

Error, given by:

� 	 � � 	� � ��� �
�

��
��� �

� 	� � � � 	� � � � � ��� ��� 	��� �
�

��
��� �
	� � �
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Markov chains generated from commonly used MCMC algorithms, such as random walk sampling

or Gibbs sampling, almost always have considerable positive autocorrelations. The reason is ob-

vious: for example for random walk type of Markov chains, the proposed move for the next state

is always relative to the current state, which of course would induce positive serial correlations of

adjacent states. The consequence of having positive autocorrelations is that it makes
�
� � (variance

inflation factor) significantly larger than 1, with 1 being what we would get if IID sampling were

available. In other words, positive autocorrelations slow down our learning process about the target

distributions. If we could design the Markov chain in such a way that it has smaller autocorrelations,

then we could reduce
�
� � and MCSE, thus increase the precision of posterior estimates, effectively

accelerate our learning process about the posterior. Better still, if we could achieve negative auto-

correlations, then
�
� � would be smaller than 1 and we could do even better than IID sampling!

This may sound too good to be true, but we indeed achieved this in some cases of our simulation

studies!

In the physics and statistics literature, there has been some work devoted to reducing the strong de-

pendencies between variables in Gibbs sampling, most noticeably, “overrelaxed” Gibbs sampling by

Adler in 1981 [Adl81], and “ordered overrelaxation” Gibbs sampling by Radford in 1995 [Nea95].

But overrelaxed Gibbs sampling is applicable only to problems where all the full conditional dis-

tributions are Gaussian, which is very restrictive. Ordered overrelaxation is applicable to problems

where the full conditional distributions are such that their cumulative distributions functions (CDFs)

and inverse CDFs can be efficiently computed, which can be quite restrictive, too. In addition, many

times the full conditional distributions are not available and thus Gibbs sampling is not feasible in

the first place. Here we explore, within the more general framework of Metropolis algorithm, a
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sampling method termed “mirror-jump sampling”, to effectively reduce dependencies of successive

states of a Markov chain.

2.2 Description of Mirror-Jump Sampling

All simulations were performed in a statistical analysis software called “R”.

Here we propose a strategy for MCMC acceleration for unimodal posteriors - “mirror-jump sam-

pling”. It belongs to the category of Metropolis-Hastings algorithm, but its proposal distribution has

a special nice feature. With the aim to reduce the positive serial correlations and even induce nega-

tive correlations, our proposal for the next move is based on not the current position, but instead the

“mirror-point” of the current position. The “mirror-point” of a position is a loose term and can be

any point on the other side of the mode. The hard-core of “mirror-jump” sampling is how to select

the optimal “mirror-point” which in turn determines the form of the optimal proposal distribution.

Denote the � -dimensional parameter vector as � � ��� � � � � � ����� � . The “mirror-jump” sampling

algorithm has the following three stages:

1. By means of Maximum Likelihood Estimations (MLEs) or preliminary MCMC output, we

can have some crude estimates of the location and scale parameters of the posterior. We are

going to take advantage of these information to improve subsequent simulations. Denote the

rough estimates of posterior mode (or mean) as � � (a � -d vector) and posterior covariance

matrix as � � (a ����� matrix).

2. Given the current state � � , define the proposal distribution as:

� ����� � � � � � ���
��� �
� �	� �

�
��� �
� � � �	� ��
 � � � � ��� �
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� � �����
� ��� � �

where: � denotes element-wise matrix multiplication, �
��� �
� is the mirror-point of � � , and both

C and D are adjustable vectors of coefficients of length � . Empirically the best range for C

and D are
� � � � � ����� and � � � � � ������� ��� � , � � � � � � � � .

We then seek for optimal values of C and D as follows: we run trial MCMC simulations for

grids of pairs of C and D values, compute their corresponding
�
� � s, and pick the C and D

pair with the minimal
�
� � as the optimal choice of C and D.

3. The optimal proposal distribution is the one with the optimal C and D. We then carry out our

MCMC simulations.

2.3 Design of Simulation Studies on Mirror-Jump Sampling

We compared the performances of three MCMC simulation schemes: mirror-jump sampling, random-

walk sampling and IID sampling when available (for comparison purpose). Both mirror-jump sam-

pling and random-walk sampling belong to the broad category of Metropolis-hastings algorithm.

The difference between mirror-jump and random-walk lies in the forms of their proposal distribu-

tions. Mirror-jump is described in previous section. Random-walk has a proposal of this form:

� ����� ��� � � � �������	� � , where � � �����
� ��� � � . So in random-walk the next move is relative to the

current state. Only D is an adjustable vector of coefficients.

We did simulation studies on 8 different target distribution scenarios. They are all unimodal, but

have different shape features representing essentially all possible shapes. For each scenario we first

seek for the optimal C and D values for mirror-jump, and the optimal D value for random-walk.

Then we carry out MCMC simulations using their optimal proposal distributions.
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In order to carry out the comparisons, we selected those posteriors whose true mean and true stan-

dard deviation are known, denoted as � , � , respectively. To quantify the comparisons, we did

repeated sampling, i.e., for each scenario we simulated
�

chains each of size � (after conver-

gence). For all 8 examples studied here,
� � � � � . For the ���� example � � � � � � � � , for the NB10

example � � � � � � � , and for all others � � � � � � � .
Let � � � denote the � -th iterate in the � -th chain. Let 	� ��� , 	� ��� ,  

� � �� ,  
� � �� , and

� � � � , with ��� � ����� � � � � � ,

be the (sample) mean, SD,  � ,  � , and
�
� � , respectively. For each scenario we give a table of com-

parisons, with the meaning of each term defined in table 2.0. In addition, we also compare the

acceptance rate r between mirror-jump sampling and random-walk sampling in each example.

For each scenario, we also compared posterior density plots of mirror-jump and random-walk sam-

pling methods, and true posterior density if available (as dotted lines in figures).

quantity estimated value give or take

mean mean[ 	� ��� ] SD[ 	� ��� ]/ � �

bias(mean) mean[ 	� ��� � � ] SD[ 	� ��� ��� ]/
� �

MSE(mean) mean[ � 	� ��� ��� ��� ] SD[ � 	� ��� ��� ��� ]/
� �

SD mean[ 	� ��� ] SD[ 	� ��� ]/ � �

bias(SD) mean[ 	� ��� � � ] SD[ 	� ��� � � ]/
� �

MSE(SD) mean[ � 	� ��� � � � � ] SD[ � 	� ��� � � � � ]/
� �

 � mean[  
� � �� ] SD[  

� � �� ]/
� �

 � mean[  
� � �� ] SD[  

� � �� ]/
� �

VIF mean[
�
� � � ] SD[

� � � � ]/ � �
Table 2.0: Definitions of terms used in comparison tables of simulation results
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2.4 Results and Discussions

2.4.1 Univariate Case

(1). � � � ��� � target distribution

We started off with a simple toy example: the standard normal density. Simulation results are

summarized in table 2.1 and figure 2.1.

- In mirror-jump sampling, VIF is as small as 0.1! This is about 40 times smaller than that in

random-walk sampling (VIF=4.3), and 10 times smaller than that in iid sampling (VIF=1).

- Consistently with VIF, MSE(mean) in mirror-jump is 50 times smaller than that in random-

walk, and 10 times smaller than that in iid.

- MSE(SD) in mirror-jump is comparable to that in random-walk, both twice bigger than that

in iid. IID sampling (when available!) has the best precision in SD estimate, which is not

surprising.

- The density plot of mirror-jump sampling is very close to the true density (dotted line), and

is of much better quality than that of random-walk sampling.

- The acceptance rate is r=1 in mirror-jump sampling, 2.3 times higher than that (r=0.44) in

random-walk sampling.

(2) a logit hierarchical model

� sampling distribution:

����� � � (�� � ����� � ����� � �
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� prior:

� � +�� � � & � ��� � +�� ��� �
� � � � ( � � � � � � � � � � ��� �

� posterior:

������� ����� �
��� # ���

� ��� � � � �
� posterior with y = 5:

�����
� ����� �
� � # ���

� � � � � � �
Simulation results are summarized in table 2.2 and figure 2.2.

- In mirror-jump sampling, VIF is as small as 0.15! This is about 30 times smaller than that

in random-walk sampling (VIF=4.4), and 6 times smaller than that in iid sampling (were it

available).

- Consistently with VIF, MSE(mean) in mirror-jump is 32 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is twice bigger than that in random-walk.

- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.

- The acceptance rate is r=0.96 in mirror-jump sampling, 2.5 times higher than that (r=0.38) in

random-walk sampling.

(3). &�� � � ��� � target distribution

Simulation results are summarized in table 2.3 and figure 2.3.
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- In mirror-jump sampling, VIF=0.4. This is about 14 times smaller than that in random-walk

sampling (VIF=5.7), and 2.5 times smaller than that in iid sampling (were it available).

- Consistently with VIF, MSE(mean) in mirror-jump is 15 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is twice bigger than that in random-walk.

- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.

- The acceptance rate is r=0.76 in mirror-jump sampling, 2.3 times higher than that (r=0.33) in

random-walk sampling.

(4). log-Inv- � � target distribution

� ( � ��� � � � ��� � � � � � � � �

� � +�� ����� �

�����
� ��� � � � � �
#�� � ��� ��� �	��

� �

Simulation results are summarized in table 2.4 and figure 2.4.

- In mirror-jump sampling, VIF=1. This is about 4.6 times smaller than that in random-walk

sampling (VIF=4.6), and the same as that in iid sampling.

- Consistently with VIF, MSE(mean) in mirror-jump is 3.8 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is 3 times smaller than that in random-walk.
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- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.

- The acceptance rate is r=0.82 in mirror-jump sampling, 2 times higher than that (r=0.42) in

random-walk sampling.

(5). � �� target distribution

Simulation results are summarized in table 2.5 and figure 2.5.

- In mirror-jump sampling, VIF=2.2. This is 3 times smaller than that in random-walk sampling

(VIF=6.7).

- Consistently with VIF, MSE(mean) in mirror-jump is 3 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is twice smaller than that in random-walk.

- The density plot of mirror-jump sampling is of better quality than that of random-walk sam-

pling.

- The acceptance rate is r=0.63 in mirror-jump sampling, 1.4 times higher than that (r=0.44) in

random-walk sampling.

2.4.2 Bivariate Case

(6). bivariate normal target distribution

� � ��� � ��� � � ( N � ���	� � where � � � � � � � and � �

����
� � � ���
� ��� �

�����
�
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Since � � and � � are symmetric and have the same marginal distribution, so only the simulation

results for � � are presented in table 2.6 and figure 2.6.

- In mirror-jump sampling, VIF=0.12. This is 68 times smaller than that in random-walk sam-

pling (VIF=8.18), and 8 times smaller than that in iid sampling (VIF=1).

- Consistently with VIF, MSE(mean) in mirror-jump is 100 times smaller than that in random-

walk, and 10 times smaller than that in iid.

- MSE(SD) in mirror-jump is comparable to that in random-walk, both 6 times bigger than that

in iid.

- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.

- The acceptance rate is r=1 in mirror-jump sampling, 4.3 times higher than that (r=0.23) in

random-walk sampling.

A comparison to univariate normal case:

Mirror-jump in bivariate case performs almost equally well as in univariate case, but random-walk

performs much worse, evidenced by the inferior accuracy of mean estimates and the poor shape of

the density plot.

(7). a normal hierarchical model

� sampling distribution:

� � � ��� � � ( � � ��� � � �
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� prior:

��� ��� � � ��� �� �
� It can be shown that the marginal posteriors are:

� � � ( & � # � � 	��� � ��� � �

� � � � ( � ��� � � � ��� � � � � � �
where 	� and ��� are sampling mean and variance, respectively.

� variable transformation:

� � ��� � ��� � � � � � �
��� � � � + � ��� � � �
� joint posterior of � :

����� � ��� � � ����� �
#�� � � � #����� � � � � ��� � #	���� � � � � # � � � � �

� in this study: � � � � � 	� � � � ��

� � � ��� 
�� ��� � � � � � � � ���
Simulation results for � � are summarized in table 2.7 and figure 2.7.

- In mirror-jump sampling, VIF=2. This is 4.5 times smaller than that in random-walk sampling

(VIF=9).

- Consistently with VIF, MSE(mean) in mirror-jump is 2.3 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is 4 times bigger than that in random-walk.

- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.
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Simulation results for � � are summarized in table 2.8 and figure 2.8.

- In mirror-jump sampling, VIF=4. This is 2.6 times smaller than that in random-walk sampling

(VIF=10.5).

- Consistently with VIF, MSE(mean) in mirror-jump is 1.7 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is comparable to that in random-walk, both 8 times bigger than that

in iid.

- The density plot of mirror-jump sampling is very close to the truth and is of much better

quality than that of random-walk sampling.

The acceptance rate is r=0.74 in mirror-jump sampling, 3.7 times higher than that (r=0.2) in random-

walk sampling.

2.4.3 Trivariate Case

(8). NB10 example [Dra97]

NB10 is a type of metal block whose weight is supposed to be 10g.

� The actual weights of � � � � � NB10’s are � � � ��� � � � � � ��� � � , as listed in table 2.12.

� sampling distribution:

� � � ��� � � ��( &�� � ��� � � �
� priors:

� ( � � � � � � � � �� � � ��� �
�� � ( � ��� � � � � � � � #�� ��� � � � #�� �
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� (*�����,��� � � ����� � ��� �
� joint posterior:

��� ��� � � � � ��� �
��
�
� �

� � � � �� �
� � � � �

�
� � � � � � �

�
� � � ���� � � � # ��� �� 


�
# �� ���	�
���
 � � � 
 � # ��� # � � #��
 �

� let � � ��� � ��� � ��� � � � � � � ��� � � � � � � � � �

Simulation results for � � are summarized in table 2.9 and figure 2.9.

- In mirror-jump sampling, VIF is 2.3. This is about 6.8 times smaller than that in random-walk

sampling (VIF=15.7).

- Consistently with VIF, MSE(mean) in mirror-jump is 5.3 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is comparable to that in random-walk.

- The density plot of mirror-jump sampling is of much better quality than that of random-walk

sampling.

Simulation results for � � are summarized in table 2.10 and figure 2.10.

- In mirror-jump sampling, VIF is 4.5. This is about 3.8 times smaller than that in random-walk

sampling (VIF=17).

- Consistently with VIF, MSE(mean) in mirror-jump is 2.7 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is comparable to that in random-walk.

- The density plot of mirror-jump sampling is of much better quality than that of random-walk

sampling.
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Simulation results for � � are summarized in table 2.11 and figure 2.11.

- In mirror-jump sampling, VIF is 7.7. This is about 3 times smaller than that in random-walk

sampling (VIF=23.9).

- Consistently with VIF, MSE(mean) in mirror-jump is 1.7 times smaller than that in random-

walk.

- MSE(SD) in mirror-jump is comparable to that in random-walk.

- The density plot of mirror-jump sampling is of much better quality than that of random-walk

sampling.

The acceptance rate is r=0.48 in mirror-jump sampling, 4 times higher than that (r=0.12) in random-

walk sampling.

2.5 Summary and Conclusion

Of the 8 examples that we studied, 5 are univariate distributions, 2 are bivariate distributions, and

1 is trivariate distribution. Of the 11 marginal distributions in these examples, 8 are symmetric or

roughly symmetric, 3 are lightly-skewed, and 2 are heavily-skewed. Also some have thinner tails

while others have fatter tails. So we consider our examples to be representative of unimodal distri-

butions.

In all these examples, mirror-jump sampling achieves much higher acceptance rates, yields much

smaller VIFs and MSEs, and produces much better posterior density plots, than random-walk sam-

pling. In other words, mirror-jump sampling is more effective in learning about posteriors than

random-walk sampling, and thus can serve as a strategy for MCMC acceleration for unimodal pos-
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teriors. The highest improvement by mirror-jump is achieved when the target is roughly symmetric,

but even when the target is heavily skewed, mirror-jump clearly outperforms random-walk.

An important factor in mirror-jump sampling is to choose suitable values of C and D, the adjustable

vectors of coefficients. Based on our simulation studies, an empirical pattern of optimal values can

be summarized as follows:

optimal value symmetric target skewed target

C 0.8-1 0.1-0.3

D 0.5-0.6 1.2-1.5

The above empirical pattern can serve as a general guide for routine use, and finding precisely opti-

mal values might not be crucial. But if one wants to find the optimal value for a specific target, he

can do the optimization on grids of values in trial runs.

In conclusion, mirror-jump sampling successfully enhances the accuracy of MCMC posterior esti-

mates by reducing the positive autocorrelations of the Markov chain time series, thus is an effective

strategy for MCMC acceleration in unimodal posterior settings.

2.6 Tables and Figures
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MCMC approach quantity estimated value give or take
mean 8.554078e-04 1.054851e-03

bias(mean) 8.554078e-04 1.054851e-03
MSE(mean) 1.108901e-04 1.505994e-05

SD 1.000218e+00 7.088864e-04
iid bias(SD) 2.176655e-04 7.088864e-04

MSE(SD) 4.979685e-05 7.961896e-06
 � 8.612204e-04 1.027168e-03
 � -1.187528e-03 1.020740e-03

VIF 1.000228e+00 1.093808e-03
mean 0.0014325209 2.293341e-03

bias(mean) 0.0014325209 2.293341e-03
random-walk MSE(mean) 0.0005227342 7.477420e-05

SD 1.0005437915 1.497277e-03
D=2.4 bias(SD) 0.0005437915 1.497277e-03

MSE(SD) 0.0002222376 3.320356e-05
r=0.44  � 0.6277240861 1.252537e-03

 � 0.0017124024 1.142851e-03
VIF 4.3067727570 2.941036e-02

mean 4.323198e-04 3.195804e-04
bias(mean) 4.323198e-04 3.195804e-04

mirror-jump MSE(mean) 1.029793e-05 1.295362e-06
SD 9.999628e-01 1.563248e-03

C=0.8 D=0.6 bias(SD) -3.719190e-05 1.563248e-03
MSE(SD) 2.419320e-04 3.216148e-05

r=1  � -7.996474e-01 6.196107e-04
 � -1.270918e-03 1.000725e-03

VIF 1.115392e-01 4.184727e-03

Table 2.1: Comparisons of simulation results in ���������
	 example
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Figure 2.1: Density plots of simulations in � � �����
	 example
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MCMC approach quantity estimated value give or take
mean 8.045333e-01 1.290523e-03

bias(mean) 1.062937e-03 1.290523e-03
random-walk MSE(mean) 1.660095e-04 2.253454e-05

SD 5.773350e-01 8.831705e-04
D=2.9 bias(SD) 1.352739e-03 8.831705e-04

MSE(SD) 7.904893e-05 1.117144e-05
r=0.38  � 6.346572e-01 1.177947e-03

 � 3.244813e-03 1.215001e-03
VIF 4.414545e+00 2.610780e-02

mean 8.033672e-01 2.284637e-04
bias(mean) -1.030931e-04 2.284637e-04

mirror-jump MSE(mean) 5.177999e-06 1.218180e-06
SD 5.747720e-01 1.229427e-03

C=0.9 D=0.5 bias(SD) -1.210217e-03 1.229427e-03
MSE(SD) 1.511022e-04 1.852850e-05

r=0.96  � -7.686650e-01 1.020488e-03
 � 1.281027e-02 1.729139e-03

VIF 1.484356e-01 4.431210e-03

Table 2.2: Comparisons of simulation results in logit hierarchical example
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Figure 2.2: Density plots of simulations in logit hierarchical example



36

MCMC approach quantity estimated value give or take
mean 3.965573e-05 1.339549e-03

bias(mean) 3.965573e-05 1.339549e-03
MSE(mean) 1.776464e-04 2.153971e-05

SD 1.416123e+00 6.060630e-03
iid bias(SD) 1.909657e-03 6.060630e-03

MSE(SD) 3.640039e-03 3.014827e-03
 � -7.763759e-04 9.831798e-04
 � 1.149700e-04 8.762795e-04

VIF 9.989622e-01 1.319235e-03
mean -0.0002299677 0.0033663024

bias(mean) -0.0002299677 0.0033663024
random-walk MSE(mean) 0.0011219201 0.0001961808

D=2.9 SD 1.4087884549 0.0099283679
bias(SD) -0.0054251075 0.0099283679

r=0.33 MSE(SD) 0.0097881082 0.0041073723
 � 0.6811269436 0.0032609569
 � 0.0097749450 0.0018411005

VIF 5.6716204092 0.1802417027
mean -0.0002130267 8.559561e-04

bias(mean) -0.0002130267 8.559561e-04
mirror-jump MSE(mean) 0.0000725788 1.101928e-05
C=1.0 D=0.6 SD 1.3967631964 1.369421e-02

bias(SD) -0.0174503660 1.369421e-02
r=0.76 MSE(SD) 0.0188701108 4.604951e-03

 � -0.4555809153 4.541883e-03
 � 0.0187301856 2.080024e-03

VIF 0.3854887801 5.800125e-03

Table 2.3: Comparisons of simulation results in
��� ��� � � 	 example
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	 example
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MCMC approach quantity estimated value give or take
mean 1.147928e-01 5.522820e-04

bias(mean) -4.136916e-04 5.522820e-04
MSE(mean) 3.036767e-05 3.961238e-06

SD 4.984012e-01 4.241090e-04
iid bias(SD) -3.222230e-04 4.241090e-04

MSE(SD) 1.791081e-05 2.258526e-06
 � 6.458457e-04 1.083683e-03
 � -2.916296e-04 1.045298e-03

VIF 9.998732e-01 1.374067e-03
mean 1.153939e-01 1.123602e-03

bias(mean) 1.873827e-04 1.123602e-03
random-walk MSE(mean) 1.250207e-04 1.382176e-05

D=2.5 SD 4.990709e-01 9.892717e-04
bias(SD) 3.474457e-04 9.892717e-04

r=0.42 MSE(SD) 9.700791e-05 1.204232e-05
 � 6.445532e-01 1.318092e-03
 � 3.067704e-03 1.008426e-03

VIF 4.569989e+00 3.077507e-02
mean 1.159082e-01 5.700396e-04

bias(mean) 7.017524e-04 5.700396e-04
mirror-jump MSE(mean) 3.266203e-05 4.771274e-06

SD 4.989691e-01 5.705290e-04
C=0.3 D=1.2 bias(SD) 2.456336e-04 5.705290e-04

MSE(SD) 3.228516e-05 4.464146e-06
r=0.82  � 6.231940e-03 1.763539e-03

 � 2.129702e-02 1.536596e-03
VIF 1.042110e+00 1.952252e-02

Table 2.4: Comparisons of simulation results in log-Inv- ��� example
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Figure 2.4: Density plots of simulations in log-Inv- � � example
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MCMC approach quantity estimated value give or take
mean 4.999948e+00 9.642185e-04

bias(mean) -5.234470e-05 9.642185e-04
MSE(mean) 9.204475e-05 1.336530e-05

SD 3.162806e+00 1.039038e-03
iid bias(SD) 5.286118e-04 1.039038e-03

MSE(SD) 1.071598e-04 1.495109e-05
 � 2.225566e-04 2.865213e-04
 � -2.195448e-04 3.093434e-04

VIF 1.000149e+00 1.489555e-04
mean 5.0038763245 0.0025211170

bias(mean) 0.0038763245 0.0025211170
random-walk MSE(mean) 0.0006442730 0.0001026431

SD 3.1647312372 0.0029887489
D=2.0 bias(SD) 0.0024535771 0.0029887489

MSE(SD) 0.0008903494 0.0001270227
r=0.44  � 0.7281834137 0.0004279591

 � 0.0090306537 0.0003707872
VIF 6.6863594641 0.0280472723

mean 5.0027338392 1.494960e-03
bias(mean) 0.0027338392 1.494960e-03

mirror-jump MSE(mean) 0.0002287294 3.156601e-05
SD 3.1655338967 2.140169e-03

C=0.3 D=1.4 bias(SD) 0.0032562366 2.140169e-03
MSE(SD) 0.0004640552 6.709491e-05

r=0.63  � 0.3174548070 7.575200e-04
 � 0.0242047243 5.955489e-04

VIF 2.2170131828 4.985935e-02

Table 2.5: Comparisons of simulation results in � �� example
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Figure 2.5: Density plots of simulations in ���� example
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MCMC approach quantity estimated value give or take
mean 4.462195e-04 9.634991e-04

bias(mean) 4.462195e-04 9.634991e-04
MSE(mean) 9.210384e-05 1.155279e-05

SD 9.992275e-01 6.531846e-04
iid � � bias(SD) -7.725333e-04 6.531846e-04

MSE(SD) 4.283517e-05 5.965962e-06
 � -4.030041e-04 1.076115e-03
 � 1.136734e-03 9.954501e-04

VIF 9.996055e-01 1.082528e-03
mean -0.0009113475 2.894526e-03

bias(mean) -0.0009113475 2.894526e-03
random-walk � � MSE(mean) 0.0008302804 1.238292e-04

SD 1.0024130674 1.837733e-03
D=(2.4,2.4) bias(SD) 0.0024130674 1.837733e-03

MSE(SD) 0.0003401717 4.986272e-05
r=0.23  � 0.7852362522 8.751035e-04

 � 0.0006861273 1.179157e-03
VIF 8.1794693591 6.006317e-02

mean -2.503184e-04 2.883617e-04
bias(mean) -2.503184e-04 2.883617e-04

mirror-jump � � MSE(mean) 8.294751e-06 1.307423e-06
SD 1.001694e+00 1.651303e-03

C=(0.8,0.8) D=(0.6,0.6) bias(SD) 1.693573e-03 1.651303e-03
MSE(SD) 2.728216e-04 4.394595e-05

r=1  � -8.004676e-01 6.211636e-04
 � 1.136164e-03 1.181965e-03

VIF 1.204849e-01 4.219793e-03

Table 2.6: Comparisons of simulation results for
���

in bivariate normal example
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Figure 2.6: Density plots of simulations for
���

in bivariate normal example
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MCMC approach quantity estimated value give or take
mean -4.320503e-01 3.736863e-04

bias(mean) 4.561211e-04 3.736863e-04
MSE(mean) 1.403255e-05 2.108264e-06

SD 3.655657e-01 3.136801e-04
iid � � bias(SD) 1.382466e-04 3.136801e-04

MSE(SD) 9.760240e-06 1.250467e-06
 � -1.331796e-03 1.049818e-03
 � -1.520480e-04 9.646113e-04

VIF 1.000390e+00 1.263876e-03
mean -0.4316500055 1.045987e-03

bias(mean) 0.0008563945 1.045987e-03
random-walk � � MSE(mean) 0.0001090482 1.289781e-05

SD 0.3641175067 1.003741e-03
D=(2.5,2.5) bias(SD) -0.0013099730 1.003741e-03

MSE(SD) 0.0001014582 1.360322e-05
r=0.2  � 0.8051734848 9.899560e-04

 � 0.0012193667 1.323203e-03
VIF 9.1464056199 8.526489e-02

mean -4.323790e-01 6.945218e-04
bias(mean) 1.274125e-04 6.945218e-04

mirror-jump � � MSE(mean) 4.776993e-05 1.648946e-05
SD 3.634888e-01 2.024940e-03

C=(0.9,0.3) D=(0.5,1.2) bias(SD) -1.938721e-03 2.024940e-03
MSE(SD) 4.096963e-04 1.377912e-04

r=0.74  � -2.318094e-01 8.941884e-03
 � 1.510417e-01 7.489618e-03

VIF 2.036863e+00 4.557477e-01

Table 2.7: Comparisons of simulation results for
���

in normal hierarchical example
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Figure 2.7: Density plots of simulations for
���

in normal hierarchical example
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MCMC approach quantity estimated value give or take
mean 1.532318e-01 5.438054e-04

bias(mean) 1.295117e-04 5.438054e-04
MSE(mean) 2.929348e-05 3.518265e-06

SD 4.985235e-01 4.391422e-04
iid � � bias(SD) -1.999919e-04 4.391422e-04

MSE(SD) 1.913174e-05 2.409296e-06
 � -7.785184e-04 8.569851e-04
 � -9.864591e-04 1.140988e-03

VIF 1.000414e+00 4.136749e-04
mean 0.1490482933 1.421540e-03

bias(mean) -0.0040539694 1.421540e-03
random-walk � � MSE(mean) 0.0002164914 2.894667e-05

SD 0.4967360883 1.219100e-03
D=(2.5,2.5) bias(SD) -0.0019873786 1.219100e-03

MSE(SD) 0.0001510839 2.069170e-05
r=0.2  � 0.8195737143 8.655034e-04

 � 0.0082670088 1.220458e-03
VIF 10.5066503504 9.508587e-02

mean 0.1525447498 1.125050e-03
bias(mean) -0.0005575128 1.125050e-03

mirror-jump � � MSE(mean) 0.0001256188 2.925314e-05
SD 0.4968737911 1.241818e-03

C=(0.9,0.3) D=(0.5,1.2) bias(SD) -0.0018496758 1.241818e-03
MSE(SD) 0.0001560903 4.700829e-05

r=0.74  � 0.1375195029 3.967851e-03
 � 0.0996332979 3.025819e-03

VIF 4.0399885594 7.396661e-01

Table 2.8: Comparisons of simulation results for
�
� in normal hierarchical example
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Figure 2.8: Density plots of simulations for
�
� in normal hierarchical example
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MCMC approach quantity estimated value give or take
mean 4.042951e+02 8.461925e-04

bias(mean) -2.237356e-03 8.461925e-04
random-walk � � MSE(mean) 7.589390e-05 1.058318e-05

SD 4.705677e-01 5.925134e-04
D=(2.5,2.5,1.9) bias(SD) 2.445208e-04 5.925134e-04

MSE(SD) 3.481593e-05 4.499988e-06
r=0.12  � 8.798517e-01 2.858465e-04

 � 6.441885e-03 6.443480e-04
VIF 1.565537e+01 3.940309e-02

mean 4.042958e+02 3.466374e-04
bias(mean) -1.524960e-03 3.466374e-04

mirror-jump � � MSE(mean) 1.422110e-05 2.119174e-06
SD 4.718563e-01 5.770738e-04

C=(0.85,0.85,0.1) bias(SD) 1.533100e-03 5.770738e-04
D=(0.6,0.6,1.5) MSE(SD) 3.531880e-05 5.974636e-06

 � 9.287808e-02 1.407557e-03
r=0.48  � 7.544614e-02 1.130357e-03

VIF 2.293383e+00 5.089140e-01

Table 2.9: Comparisons of simulation results for
���

in NB10 example

MCMC approach quantity estimated value give or take
mean 3.846994e+00 8.503532e-04

bias(mean) -1.626056e-03 8.503532e-04
random-walk � � MSE(mean) 7.423101e-05 1.023882e-05

SD 4.453373e-01 6.304163e-04
D=(2.5,2.5,1.9) bias(SD) 1.219363e-02 6.304163e-04

MSE(SD) 1.880297e-04 1.621968e-05
r=0.12  � 8.890258e-01 2.546241e-04

 � 1.082462e-02 6.515734e-04
VIF 1.703165e+01 4.161197e-02

mean 3.846000e+00 4.623756e-04
bias(mean) -2.619909e-03 4.623756e-04

mirror-jump � � MSE(mean) 2.802925e-05 4.343847e-06
SD 4.453822e-01 8.080820e-04

C=(0.85,0.85,0.1) bias(SD) 1.223858e-02 8.080820e-04
D=(0.6,0.6,1.5) MSE(SD) 2.144294e-04 3.027864e-05

 � 2.598496e-01 2.117838e-03
r=0.48  � 1.051381e-01 1.475137e-03

VIF 4.487855e+00 6.656248e-01

Table 2.10: Comparisons of simulation results for
�
� in NB10 example
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Figure 2.9: Density plots of simulations for
���

in NB10 example
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Figure 2.10: Density plots of simulations for
�
� in NB10 example
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MCMC approach quantity estimated value give or take
mean 3.582675096 0.0029942593

bias(mean) -0.008020276 0.0029942593
random-walk � � MSE(mean) 0.000951918 0.0001071656

SD 1.228234392 0.0046995313
C=(2.5,2.5,1.9) bias(SD) 0.065272993 0.0046995313

MSE(SD) 0.006447037 0.0007932370
r=0.12  � 0.919436622 0.0004913180

 � 0.008107402 0.0005954981
VIF 23.920226644 0.1578924199

mean 3.5723597680 1.506736e-03
bias(mean) -0.0183356035 1.506736e-03

mirror-jump � � MSE(mean) 0.0005609495 5.526925e-05
SD 1.1978611060 3.239205e-03

C=(0.85,0.85,0.1) bias(SD) 0.0348997072 3.239205e-03
D=(0.6,0.6,1.5) MSE(SD) 0.0022567421 3.795677e-04

 � 0.4449081683 2.772287e-03
r=0.48  � 0.0687624450 1.910930e-03

VIF 7.7185631568 1.004869e+00

Table 2.11: Comparisons of simulation results for
���

in NB10 example

Value 375 392 393 397 398 399 400 401
Frequency 1 1 1 1 2 7 4 12

Value 402 403 404 405 406 407 408 409
Frequency 8 6 9 5 12 8 5 5

Value 410 411 412 413 415 418 423 437
Frequency 4 1 3 1 1 1 1 1

Table 2.12: Frequency distribution of NB10 weights [Dra97]



52

2 4 6 8 10 12

0.
0

0.
1

0.
2

0.
3

0.
4

random−walk

N = 50000   Bandwidth = 0.1111

D
en

si
ty

2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

mirror−jump

N = 50000   Bandwidth = 0.1097

D
en

si
ty

Figure 2.11: Density plots of simulations for
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